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The motion of a plate in a rotating fluid at an arbitrary 
angle of attack 

By DAVID C. WILCOX 
California Institute of Technology? 

(Received 23 September 1971 and in revised form 3 April 1972) 

Slow motion of a thin plate at a finite angle of attack in a rotating container filled 
with a viscous incompressible fluid is analysed. The Rossby and Ekman numbers 
are assumed to be small. The solution method is developed by studying horizontal 
translation of an elliptical plate. The plate is shown to carry a stagnant Taylor 
column with it as it moves. Detailed analysis of the structure of the vertical 
shear column bounding the Taylor column is circumvented by integrating the 
equations of motion across the shear column. A jump condition based upon mass 
conservation in the shear column which relates the geostrophic regions inside 
and outside the Taylor column results. This jump condition and its method of 
derivation can be used to analyse arbitrary (slow) motion of any thin plate at any 
angle of attack. 

The fluid motion resulting when a disk moves using all six degrees of freedom 
at an infinitesimal angle of attack is discussed. The forces and moments on the 
disk are calculated and the streamlines of the geostrophic flow are displayed. 

1. Introduction 
One of the most interesting phenomena of rotating-fluid dynamics is the Taylor 

column. In  his original study of horizontal (normal to the sense of rotation) 
motion of a sphere, Taylor (1922) found that the fluid inside the cylindrical 
column above and below the sphere was motionless relative to the body. In a 
subsequent study involving horizontal motion of bodies whose thickness is large 
relative to the Ekman-layer thickness, Jacobs (1964) also found the Taylor 
column to be stagnant. The fluid in the Taylor column does not always move with 
the same velocity as the body, however, even for horizontal motion. Examples 
are provided by Moore & Saffman (1969a, b) ,  who analysed the fluid motion 
ensuing from vertical and horizontal translation of a disk in a container bounded 
by horizontal walls. 

For vertical translation of the disk (assumed to lie in a plane parallel to the 
container walls) the vertical velocity of the fluid inside the Taylor column was 
found to be half the disk velocity (Moore & Saffman 1969a). The geostrophic flow 
was shown to be determined uniquely by the Ekman compatibility relation. 
There is a detached shear column separating the geostrophic regions inside and 
outside the Taylor column. The shear column, which must be inserted to make the 

t Present address: Applied Theory, Inc., 1010 Westwood Blvd., Los Angeles, California 
90024. 
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solution analytic across the boundary of the Taylor column and to complete the 
circulation of the fluid between the walls and the disk, therefore plays a passive 
role in determining the geostrophic flow. For horizontal translation, the fluid 
passes through the Taylor column and is deflected by 18.4’ from the direction of 
translation. However, Moore & Saffman (19693) demonstrated that the Ekman 
condition is not sufficient to specify the solution in the geostrophic region for this 
case. Appeal to the dynamics of the shear column was made to remove the 
indeterminateness of the geostrophic flow. Hence, the shear column plays an 
active role for this motion. 

An additional complication is introduced if the disk, or, more generally, a thin 
plate, is inclined to the walls at a finite angle a. There is an extra degree of in- 
determinateness associated with an apparent absence of irrotationality of the 
geostrophic flow in the regions between the plate and the walls of the container 
where the geostrophic contours are not closed. This is the problem addressed in 
this study. The geostrophic flow is found to be indeterminate and the shear 
column active for any (slow) plate motion. The techniques first suggested by 
Stewartson (1966) and later exploited by Moore & Saffman for analysing the 
shear column are employed although their implementation is more subtle here 
than in previous problems. 

Horizontal translation of an elliptical plate for finite a is analysed in $ 2 .  A 
jump condition relating the geostrophic regions on each side of the detached 
shear column is developed. The limiting form of the jump condition for a < 1 is 
shown in § 3. Slow motion of a disk using all six degrees of freedom is also described 
for an infinitesimal angle of attack. 

2. Motion of a plate at a finite angle of attack 
In  this section, the fluid motion resulting from translation of an elliptical plate 

in a horizontal direction is examined in detail. The results of the analysis are then 
generalized and cast in a form applicable to arbitrary slow motion of any thin 
plate. 

2.1. Statement of the problem 
A container filled with a viscous incompressible fluid of kinematic viscosity Y 
rotates at angular velocity i2 about what will be termed its vertical axis. The 
container is bounded above and below by horizontal walls. Between the walls 
there is a thin plate of characteristic dimension a inclined at an angle a to the 
horizont,al walls. 

The upper wall of the container is located at  z = h, and the lower wall is 
located at z = - h,, where z is the vertical co-ordinate. A point on the plate is the 
origin of a rectangular Cartesian co-ordinate system as shown in figure 1. The 
elevation of the plate is 

z = x tan a. (1) 
For convenience, let 

h = h,+hB. 

The plate is assumed to move ‘slowly ’ in the rotating co-ordinate frame, where 
the term ‘slow motion’ means that the Rossby number Ro = U/Sla, where U is 
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FIGURE 1. Geometry of the container and the plate. The upper wall is located a t  z = hp 
while the lower wall is the surface z = - hB. The y co-ordinate points into the page and the 
plate is inclined to the x axis a t  an angle a. 

the speed characteristic of the motion of the plate, is very small. The fluid will be 
considered to be ‘slightly ’ viscous or ‘rapidly’ rotating, which means that the 
Ekman number (E = v/Qa2) is very small. The formal limiting sequence will be to 
first let Ro -+ 0 and then E + 0. 

For small Rossby number,t the equations of motion for an incompressible 
fluid in a rotating co-ordinate frame are 

2S2xu = -vp+vv2u, (3) 

v.u = 0, (4) 

( 5 )  

where p is the reduced pressure defined by 

p = (p /p )  - 3Q2r2. 

The quantity p is the static pressure and r is the radial distance from the origin in 
a horizontal plane.$ Also, S2 = Qk, where k is a unit vector in the vertical direc- 
tion. Since (3) and (4) are linear each of the six motions corresponding to the six 
degrees of freedom can be studied independently and the results superposed. 

The solution method will be developed by first analysing the case of horizontal 
translation in the x direction. It is convenient to let the plate remain a t  rest and 
move the walls and the fluid at infinity with velocity 

u, = - Ui, (6) 

where i is a unit vector aligned with the x axis. 
Furthermore, to simplify the analysis, the plate will be assumed to be an 

ellipse inclined at the angle of attack necessary to make the Taylor column a 
circular cylinder. That is, if (6, y, 5)  are co-ordinates in a rectangular Cartesian 
co-ordinate system fixed on the plate defined by 

6 = xcoscz+zsina, (7) 

[ = -xsina+zcoscc, (8) 

-f If the motion is directed toward the container walls a restriction on the time scale of 
the motion is required in order to drop the unsteady term. This point will be discussed in $3 .  

$ It is assumed in (5) that the plate is a t  the centre of the container. I f  this is not true, 
r must be altered accordingly. Since the plate is formally regarded as having zero thick- 
ness, the calculation of forces on the plate is not affected by this term. 
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then the equation of the plate is 

cos a cos 6: 
(9) 

The projection of the region described by (9) onto the x, y plane igthe interior of a 
circle of radius a. 

2.2 .  The geostrophicJlow 

In  the geostrophic regions the viscous term in (3) is negligible, so that in compo- 
nent form (3) and (4) reduce to 

- 2 ~ 2 v  = - a p p x ,  (10) 

m~ii = - splay, (11) 

0 = - appx, (12) 

au av az -+-+- = 0, 
ax ay az 

where Tii, 2v and 7j;l are the velocity components in the x, y and z directions, respec- 
tively. Appropriate boundary conditions are given by the Ekman compatibility 
condition. Hence, a t  the walls, 

- {  &[v/Q]a k .  curl (u - u , )  on z = - hB, 

where u is the fluid velocity just outside the Ekmnn layer. On the upper (c = 0+) 
and lower (5 = 0-) surfaces of the plate, 

- a[v/R]t k. curl (u - u,) on z = h,, (14) 
(15) 

141 = 

Since the geostrophic equations only admit solutions for which u is independent 
of z in the geostrophic region outside the Taylor column, the only way in which 
(14) and (15) can be satisfied simultaneously is for k . curl u to vanish. Taking the 
divergence of the momentum equation yields (the subscript C denoting a quantity 
in the geostrophic region outside the Taylor column) 

V2pG = 2Qk. curl uG = 0. 

If cylindrical polar co-ordinates ( r ,  8, z )  with corresponding velocity components 
(u, v, w) are introduced, the solution for pG(r, 8) is? 

pQ(r,8) = 2QUrsinO+ 
n=l 

where B, and 0, are unknown. Once a boundary condition on the geostrophic 
flow on the boundary of the Taylor column has been specified, the solution for 
pG can be uniquely determined. 

-t There can be no circulation I? outside the Taylor column, i.e. the solution 

~ G ( T ,  e) 2nr log r 

is not permissible. For non-zero I' there would be an order excess flux in tha Ekman 
layers on the walls with no corresponding efflux (influx) to (from) the geostrophic region 
and mass would therefore not be conserved (Greenspan 1968). 
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Letting the subscript g denote quantities in the geostrophic interior of the 
Taylor column, the solution to (lo)-( 13) subject to (la)-( 16) is? 

U, = O(E&), (18) 

(19) 

Wg = O(Eg), (20) 

V g  = I$(.) + O(Et) ,  

where p = (cos a)-& and 
dP,(x)/dx = 2QI$(x). 

The functions V,(x), f T ( x )  andfB(x) are unknown functions of x, and the super- 
scripts T and B correspond to values above and below the plate, respectively. 

The fact that the pressure is continuous to  leading order across vertical shear 
columns (Jacobs 1964) has been used in deriving (18)-(22). First, this fixes the 
order of magnitude of the motion inside the Taylor column. Second, because the 
pressure is also independent of x outside the column, a discontinuity in p, across 
5 = 0 is prohibited to leading order. The pressure does experience a jump of 
order E* across 6 = 0 as is indicated in (21). In  addition to contributing to the 
force and moment on the plate this pressure difference will appear in the analysis 
of the next section, where the dynamics of the shear column will be studied. 

As a third consequence of the continuity of pressure a t  Y = a, pa(a,O) is an 
even function of 0. This follows immediately if one notes thatp, is independent of 
y to  order unity. However, now sufficient information is available to determine 
the coefficients 0, in (17), and therefore 

Dl = -2QUa, 0, = 0 for all n 2 2 

and (17) can be rewritten as 

Before going on to consideration of the dynamics of the shear column (which 
will be necessary in order to determine I$(x), B,, etc.) it is worth while to pause 
and discuss the implications of the results obtained thus far. If to order one there 
were fluid flowing in the x direction inside the Taylor column, the vortex lines 
would experience a change in length of order tana  = O(1). However, vortex 
lines cannot be stretched in geostrophic regions (Greenspan 1968). Therefore, 
there can be no flow of order unity in the x direction. This is borne out by (18). 
This argument places no restriction on V ,  because no stretching occurs when 
vortex lines translate across the plate in the y direction. 

Inspection of (18)-(20) shows that the geostrophic flow inside the Taylor 
column is possibly rotational. For zero angle of inclination, Moore & Saffman 
(19693) found the geostrophic flow to be everywhere irrotational. This additional 

t As an aid to providing better physical insight, all quantities will be left in dimensional 
form. Since all expansions (for a = O(1))  will be in powers of E ,  orders of magnitude are 
easily traced by regarding E(  = v/Q2a2) and v as interchangeable small parameters. 

15 F L M  56 
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indeterminateness manifests itself in the appearance of the unknown functions 
c ( x ) ,  fT(z) and,fB(x). The same degree of arbitrariness was found by Pedlosky & 
Greenspan (1967) for a similar geometry in which closed geostrophic contours 
were also absent. 

Finally, there is an excess flux Q of fluid in the Ekman layers on the plate of 
order E4 given by (Greenspan 1968) 

where 8, = O(E4) is the Ekman-layer thickness and j and t are unit vectors in the 
y and f directions respectively. The vector Q will also be referred to as the Ekman 
flux vector. As will be shown in $2.3, this small flux of fluid-more specifically, 
the manner in which it enters the shear column-plays a central role in deter- 
mining the geostrophic flaw. 

2.3. The jump condition 
In  order to determine the unknown functions Y,(z), f T ( x )  and f B ( x )  and the 
unknown Fourier coefficients B, it  is necessary to examine the dynamics of the 
shear column. If the equations of motion are written in terms of the boundary- 
layer co-ordinate 5 centred in the shear column, i.e. 

then since the shear column appears to be locally plane the approximate equations 
X = r-a, (25) 

of motion become 
- 

where u, v and w are the velocity components in the r ,  0 and z directions, respec- 
tively. 

The shear column is a ‘$-layer’,? which has thickness of order E4. Hence, the 
viscous term in (26) is negligible, whereby the radial momentum balance simplifies 
to  - = - aplaz. (30) 

Equations (27)-(30) can be combined to yield the shear-column equations 

If the additional hypothesis that E k  < 1 is made, the +-layer is enveloped by a 
‘$-layer’ (thickness N E t )  on the outer edge of the shear column. This physically unin- 
teresting constraint will not be placed on the Ekman number in this study. 
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The Ekman condition is validin the +-layer (Stewartson 1966) andin boundary- 
layer co-ordinates, (14)-( 16) simplify to 

-$[v/Q]+av/az on z = h,, (33) 
w = - ( v s i n B - u c o s B ) t a n a ~ ~ [ ~ / Q c o ~ a ] b ~ v / ~ ~  on [ =  O*, ?i < 0, (34) 

(35) i g[v/Q]4 av/& on z = - hB. 

If perturbation expansions for v and w (presumably in powers of E i )  are 
introduced a hierarchy of Wiener-Hopf problems results. This is more difficult 
than the hierarchy studied by Moore & Saffman (1969a) because of the inhomo- 
geneous boundary condition at the plate. Rather than attempting to solve for 
the detailed structure of the shear column, the techniques developed by Stewart- 
son (1966) can be used. His basic idea is to integrate the shear-column equations 
across the +-layer to determine jump conditions relating the solutions inside and 
outside the Taylor column. The physical significance of the various jump con- 
ditions has been elucidated by Moore & Saffman ( 1 9 6 9 ~ ) .  

In the present application a single jump condition involving conservation of 
mass in the shear column is sufficient to determine the geostrophic flow. It can 
be derived by considering the excess flux of fluid from the Ekman layers on the 
plate. The question of where the excess flux goes is of particular concern. 

In their studies, Moore & Saffman considered the possibility of the fluid swirling 
around the edge of the plate in the region where the +-layer and the Ekman 
layer merge. This region is referred to as a ‘collar’. Conservation of mass would 
require a velocity of order E-4, which entails viscous dissipation of order unity. 
However, there is no mechanism to balance this dissipation, so that the possibility 
of a collar is ruled out. The possibility of a radial jet can be rejected on the same 
grounds. 

Hence Moore & Saffman argued that, to escape from the Ekman layers on the 
plate, the fluid erupts as a vertical jet into the Q-layer. This structure is assumed 
to be valid for the problem of interest here. 

To facilitate understanding of how these ideas are appliedin the present context 
a control volume about the edge of the plate is shown in figure 2. The control 
volume encloses the Ekman layers on the upper and lower surfaces of the plate 
and the lateral boundaries are the edges of the +-layer. All relevant fluxes of 
fluid across the control-volume boundaries are also shown. Viscous dissipation in 
the +-layer should be o(1) so that, necessarily, v = o(E-*). Hence, the circum- 
ferential flux through the control volume need not be considered as it is o(E&). 

The amount of fluid entering the control volume from the Ekman layers on the 
plate is 

where &,(@ is the excess flux and n, is a unit vector normal to the Taylor column. 
For the special geometry considered here, n, is in the radial direction. The excess 
flux is given by 

&,(6) = 3n,. Q/cosa, 

where Q is the Ekman flux vector defined in (24). 
15-2 
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FIGURE 2. Control volume in the +layer and the relevant fluxes of fluid across its boun- 
daries. &,(O) is the excess flux from the Ekman layers on the plate, &,(8) is the flux in the 
absence of Ekman layers and zdn) (Z, 8, 5) is the velocity component normal to the plate. 

The amount of fluid passing across the vertical boundary of the control volume 
at the outer edge of the shear column is 

In  general, the velocity component normal to a detached vertical shear column is 
continuous across the column to leading order (Jacobs 1964) and therefore 

= QdO d c  pug.u,--- - pu,.ne-- - s z  cosa -YE -ae cos a (37) 

In  order for mass to be conserved in the Q-layer, the excess flux Qe(6) must 
therefore be balanced by the net flux of fluid across the boundaries of the control 
volume which are parallel to the plate. In  terms of the velocity component 
w(")(X, 8, c )  normal to the plate defined by 

w(")sec a = w +- (vsin 8 - u cos 8) tan a, (38) 

the most fundamental form of the jump condition which is needed to relate the 
geostrophic regions on the two sides of the shear column is 

where x: = k co corresponds to the edges of the +-layer in the usual matched 
asymptotic expansion sense. Equation (39) can be applied to any geometry 
provided only that the unit vector n, used in evaluating Qe(6) is the local unit 
normal to the Taylor column. 

The techniques developed by Stewartson (1966) for analysing detached vertical 
shear columns can be used to express the right-hand side of (39) in terms of the 
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geostrophic flow variables. This is accomplished in the appendix, and (39) 
reduces to the more useful form 

where vJr,  8) and T&T, 8) are the azimuthal velocity components of u, and ug 
respectively and Apg(a, 8) is the jump in po across 6 = 0 a t  the edge of the plate. 
Equation (40) is also applicable to any geometry provided that v is the velocity 
component in the direction tangent to the Taylor column and 8 is the angle 
between ne and the x axis. 

Since the Ekman flux &,(19) is a function only of the geostrophic flow inside the 
Taylor column (through its dependence upon Q) and the geometry of the plate 
(through its dependence upon ne), all the terms appearing in (40) can be expressed 
in terms of the geostrophic variables. This is the desired jump condition relating 
the geostrophic regions. 

To evaluate Qe(8), note that by definition 

ug(a, 8)  = V,(a cos 8) sin 8 = uG(a, 8), 

v,(a, 8)  = v,(a cos 8 )  cos 8 = uG(u, 8 )  cot 8. 

(41) 

(42) 

The fact that u is continuous across the shear column to first order has been used 
in writing (41). In  terms of uG(a, 8), the excess flux becomes 

(43) 
where p = (cosa)-i. 

Qe(8) = -PP(~/Q)' [P2 + cot '31 u,(a, 81, 

The quantity Apg(u, 8) can be evaluated from (21), and the result is 

1 d 
Apg(a, 8 )  = - 2R - cot a: fT (u  cos 8)  -fB(a cos 8 )  + (1 + p )  - [u,(a, 8) cosec 81 . 

(44) 
ae (8 

Substitution of (42)-(44) into (40) yields the more simplified version of the 

(1 +P)  "Q!$ '1 +p3wa(a, 8)  - v,(u, 8)  = - [f'(a cos 8 )  - f ~ ( a  cos 0)1 sin 8. (45) 

The additional information contained in (45) will be shown in $2.4 to be sufficient 
to remove the indeterminateness of the geostrophic solution. 

jump condition: 

2.4. The solution 

The velocity components uG(r, 8) and wg(r, 8) follow from substitution of pG(r,  8) 
into the geostrophic equations: 

1 "  
~ Q u  n= 1 

vc(a, 6) = 2 U sin 8 - - C nB, cos no. (47) 

Inspection of (45)-(47) reveals an interesting fact. SincefT(a cos 8) and fB(a cos 8) 
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are by dehition even functions of 8, the right-hand side of (45)  is necessarily odd 
in 0. However, the left-hand side of (45)  involves both terms which are even in 
8 and terms which are odd in 8. Hence, the sum of the even terms must vanish 
while the odd terms sum to the right-hand side of (45). That is, (45) yields the 
following two equations: 

(i  = vG(a, e) - 2~ sine, 

fT (a  cos 0) -fB(a cos 8)  = 2U - p3ua(u, 8 )  cosec 8. (49) 

Substitution of (46) and (47) into (48) yields 

co 

n=l 
nr(i+p)n+1y3ncosne = 0, 

from which B, = 0 for all n 2 1. 

Therefore, uG(u, 8) vanishes and, from (41), &(a cos 8) is also zero, i.e. 

v,(x) = 0. ( 5 2 )  

This shows that to leading order the fluid inside the Taylor column is motionless 
relative to the plate. The flow outside the Taylor column is the potential flow of a 
uniform stream past a circular cylinder given by 

U G p ,  8)  = - up - Gos e, (53) 

(54) 

The force and moment on the disk can be calculated by noting from (49) that 

vG(r, 8 )  = U[i + (a/r)z] sin 8. 

fT(x) - fB(x)  = SU, ( 5 5 )  

so that the pressure difference between the top and bottom of the disk is known in 
addition to the viscous stress difference. The force (for an x translation) is 

F ,  = 47rpL2a2U(v/Q)t [ - i + k cot a] 
while the moment is 

M, = o(E*). 

It is possible to solve for general slow motion of the elliptical plate by using the 
same technique. However, the results are of limited value because of the relation- 
ship between the angle of attack and the shape of the plate. This relationship 
is of no importance for infinitesimal a, where the plate can be replaced by a disk 
with the Taylor column remaining circular to a first approximation. In $ 3  the 
fluid motion resulting when a disk moves using all six degrees of freedom a t  
infinitesimal angle of attack is discussed. 

Before going on to a discussion of the limiting case of small a, the jump con- 
dition will be cast in a more general form. 

2.5.  Generalization of the jump condition 

Although the jump condition has been derived for a very special geometry, it can 
be applied to much more general situations. As was noted in $2.3, none of the 
special features of the cylindrical symmetry of the Taylor column have been used 
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in arriving at  the jump condition as expressed in (40). It can be used to calculate 
the fluid motion ensuing from general slow motion of a thin plate having any shape 
a t  an arbitrary angle of attack with the following generalized definitions. 

(i) The velocity vector is written as u = (u, v, w) a t  the edges of the shear 
column, where u and v are the horizontal components of u normal to and tangent 
to the Taylor column respectively and w is the component of u in the vertical 
direction. 

(ii) n, is a unit vector in a horizontal plane normal to the Taylor column. 
(iii) 8 is the local angle between n, and the x axis and a is the local radius of 

(iv) The Ekman flux vector Q, which is needed to calculate &,(O), is evaluated 

(58 )  

n = - is ina+kcosa.  (59) 

curvature of the Taylor column. 

from the general expression (Greenspan 1968) 

Q = +[v/lS2. nil* n x [(u -up) + n x (u - uJ], 
where up is the plate velocity and n is the unit normal to the plate: 

3. Motion of a disk at an infinitesimal angle of attack 

given in this section. 
A brief account of the details of general slow motion of a disk when a is small is 

3.1. Simplijication of the jump condition 
For a very small angle of attack, considerable simplification of the shear-column 
analysis is possible and the jump condition can be derived more rigorously 
(Wilcox 1970). A lower bound must be placed on a to ensure that the geostrophic 
flow has the same structure as in $2. That is, a must be very large compared 
with the Ekman-layer thickness to guarantee the absence of closed geostrophic 
contours between the disk and the walls. Hence, a must be restricted to the range 

E*<,a<, l .  

A modest simplification of the Ekman flux vector Q given by (58) is possible. 
When the disk does not move toward the horizontal walls (horizontal translation 
and rotation about the vertical axis), it is convenient to work in disk-fixed co- 
ordinates. Hence, up vanishes. For the other two rotations and for vertical trans- 
lation it is more convenient to work in container-fixed co-ordinates. In  these 
three cases the geostrophic flow has been shown to be of order cot a (Wilcox 1970). 
Since up is of O ( l ) ,  it can be neglected for these three motions. Therefore, the 
excess flux from the Ekman layers on the disk which enters the shear column is 

= - p ( v / W  [%(a, 8)  +v,(a, @I. (60) 

(61 

Combining (40) and (60), the jump condition reduces to 

2v,(a, 0)  + uG(a, 8)  - vG(a, 8) = ( !2 / v ) i  tan a sin8[Apg(a, 8)/2Q]. 
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3.2. Horizontal translation 

For translation in the x direction the geostrophic solution given in 0 2 is validt 
with /3+ 1 for small a. Hence, the jump condition reduces to 

2duG(a, 8)/d8 + uG(a, 8 )  - uG(a, 0)  = - [fT(a cos 8 )  -fB(u cos 8)]  sin 8 (62) 

and a solution exists only if the terms on the left-hand side of (62) which are even 
in 8 sum to zero. Therefore, 

m 

n=l 
n(2n + l)Bn cosn0 = 0, 

which is the limiting form of (50) for a + 0, and the unique solution is again B, = 0 
for all n >, 1. 

The force on the disk is given by equation (56) and the moment is 

For translation in the y direction it is convenient to work in disk-fixed co- 
ordinates. Hence, the disk remains a t  rest and the walls and fluid a t  infinity 
move with velocity 

The geostrophic solution for r < a is again given by (18)-(22) and the jump 
condition by (62). The geostrophic flow outside the Taylor column is different and 
(46) and (47) must be replaced by 

M, = o(EQ cot a). (63) 

u,, = - Vj. (64) 

i m  

l W  
2Qan,l 

vG(u, 0) = - V cos 8 - - C nB, cos n0. 

Proceeding in the now established manner, it  follows that 

n(2n + 1)B, cos n8 = Ti cos 8, 

therefore Bl = jQaV, B, = 0 for all n 2. 

1 "  
2Qan=1 
- 

Hence, the geostrophic flow inside the Taylor column is given by 

(68) 
This shows that fluid passes through the column and experiences a deceleration to 
two-thirds of the free-stream velocity. The geostrophic flow for r > a is 

(69) 

(70) 
and the streamlines are as shown in figure 3. 

An interesting feature of this motion is the special form of the force on the disk, 
i.e. 

which means that, to leading order [O(E*)], there is no drag. As in the case of x 
translation, the moment vanishes to order E: cot a. 

This statement is true with the qualification that, for small a, the perturbation 
expansions in the geostrophic regions proceed in powers of E4 cot a rather than E4. 

- 
=-zv , Tig = Wg = o(E4cota). P 

uG(r, 8 )  = - V[l - * ( a / ~ ) ~ ]  sin8, 

vG(r,  8 )  = - V[1+ &(a/r)2] cos8 

F, = $rpQa2V(v/Q)& cotak, (71) 
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FIGURE 3. Geostrophic flow for y translation (dis 

3.3. Vertical translation 

.) .Y 

rest). 

All relevant notation used in 5 2 will again be used. The disk will be assumed to 
move vertically with speed W so that 

up = Wk. ( 7 2 )  

The walls and fluid at infinity remain a t  rest. 

walls and the disk, necessarily 

This permits vortex lines to preserve their length by translating across the disk in 
the x direction as its elevation changes.? 

This motion is inherently unsteady as the geometry is changing with time. 
However, if the time scale of the motion, 7 N a/ W cot a ,  is assumed to satisfy 
7 % l/Q or, equivalently, 

R,, < tana,  
This result is consistent with the analysis of Moore & Saffman (1969a) for a disk 

rising with zero angle of attack. They found that the horizontal fluid velocity inside the 
Taylor column is of order E-*, indicating a smooth transition through the regime where 

Since vortex lines cannot be stretched in the geostrophic regions between the 

( 7 3 )  iig = - w cot a. 

a: - E*. 
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the unsteady term (in addition to the nonlinear inertia term) in the momentum 
equation can be neglected. Furthermore, the distance from the disk to the walls is 
unchanged to a first approximation, i.e. the solution obtained will be a quasi- 
steady solution. 

As with horizontal translation, the geostrophic equations and the Ekman 
compatabjlity relation do not yield sufficient information to determine the geo- 
strophic solution. Expanding in Fourier series and using the jump condition, the 

(74) 
solution evolves as 

Thus, the geostrophic flow is inclined to the x axis a t  an angle 

gg = +Wcota, Eg = O(EiC0ta). 

- tan-1 1 -L - 18.4". 
3 -  I 

The geostrophic flow outside the column is 

?AG(?., 0) = - w cot a[cos B - g sin81 (a/?y,  

vG(r, 0) = - W cot &[sin B + Q cos B]  (U/T)~ 

F, = - ~ - r r p n a 2 W ( ~ / n ) ~ c o t 2 ~ [ -  9 t ana i+3  tanolj + 10k], 

M, = o(E)  Cot2 a). 

(75) 

(76) 

(77) 

(78) 

and the force and moment on the disk are 

The streamlines are as shown in figure 4. 

FIGURE 4. Geostrophic flow for vertical translation (disk moving). 



Motion of a plate in a rotating Juid 235 

3.4. The three rotations 
The term ' x  rotation' will denote the motion corresponding to 

up = ezQi x r (79) 
while y and x rotation denote the motions corresponding to 

and 

up = eyQj x r 

up = ezQkxr  

respectively. To justify neglect of the unsteady and nonlinear inertia terms in 
the momentum equation, necessarily E,, ev tan a and ez: < 1. In  the same quasi- 
steady sense as in the vertical translation analysis, the geometrical configuration 
(including angle of attack) is unchanged. 

The solutions for the three rotations are given below in terms of the reduced 
pressure (which is proportional to the stream function in geostrophic regions). 
The flow is of order cot a for x and y rotation while it is of order unity for x rotation. 

pg(x, y) = 2ey Q2a2[*(~/a)2 - (./a) (y/a) - &] cot a, y rotation, (82) 1 

I 

ez QW[(y/a)2 + +(x/a)2 - $1 cot a, x rotation, 

z rotation, i - Q E , Q ~ u ~ [ ~ ( x / u ) ~  + 5(y/~)'- 61, 

inside the Taylor column, and 

- 58, Q2a2 cot a(a/r)2 cos 28, 

- *eZ Q2a2(a/r)2 cos 28, 

x rotation, 

z rotation, 
- ey Q2a2 cot a(a/r)2[sin 28 - cos 201, y rotation, ] (83) 

for r > a. The streamlines are sketched in figures 5,6 and 7. The moments on the 
disk are 

- @ r p Z  Q2a4(v/Q)h cot2 a[3i + j + 3 tan ak], x rotation, 

z rotation, 
M = - j'grpc, Q2a4(u/Q)4 cot2 a[4i + 28j - tan ak], y rotation, (S4) 

and in all cases the force on the disk vanishes to leading order [O(E* cot2a) for x 
and y rotation and O(E4 cot a)  for z rotation]. 

1 &rpe# !22a4(v/!2n)B~~t a[7i - j + 7 tan ak], 

3.5. Motion when the upper surface is free 

It is appropriate to mention here the results when the upper surface is free. If the 
surface tension is large enough to keep the surface plane to within O(E*), the 
free surface cannot sustain an Ekman layer. This is true because the geostrophic 
flow satisfies the condition that the tangential stress vanishes on a free surface. 
Hence, (14) must be replaced by 

w = O  on z=h,. (14a) 

In the case of horizontal translation, for example, the form of the geostrophic 
solution is unaffected to order one, so that (18)-(22) still apply. However, the 
limiting form of (44) must be replaced by 

3 d  
Ap,(a, 8 )  = - 2Q cos 0) - fB(a cos 0) +-- ru,(a, 8) cosec 81 

2de - 
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.l' 

FIGURE 5. Geostrophic flow for II: rotation (disk moving). 

FIGURE 6. Geostrophic flow for y rotation (disk moving). 
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FIGURE 7 .  Geostrophic flow for z rotation (disk moving). 

and (61) must be modified to 

@,(a, 8)  + uG(a, 8) - Va(a, 8) = ( Q / Y ) ~  tan a sin O[Ap,(a, 8)/2Q], (61 a )  
so that the equation corresponding to (62) is 

~dua(a,8)/dB+u,(a,8)-vG(a,8) = - ~fT(acos8)-fB(acos8)]sin8. (62a) 

For x translation the geostrophic flow is unchanged. For y translation the geo- 
strophic flow inside the Taylor column is given by 

(68a) 

(71 a )  

so that there is no drag to leading order on the disk just as with the rigid upper 
surface. 

In  the case of z translation and the three rotations the qualitative features of 
the solution remain the same with the exception that the flow inside the Taylor 
column for vertical translation is inclined to the x axis at an angle 

- tan-1Q s - 21.8". 

- v = -  , $V, Ti, = Eg = O(E4cota) 

F = $7~;pQ;2a~  V ( V / Q ) ~  cot ak, 

and the force on the disk becomes 
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4. Discussion 
The most important result obtained in this study is the technique developed in 

5 2 for analysing slow motion of a plate at a finite angle of attack a. In  particular, 
the jump condition [equation (40)] obviates the necessity of examining the 
detailed structure of the shear column separating the geostrophic regions inside 
and outside the Taylor column. With appropriately generalized definitions as 
discussed in $2.5,  equation (40) can be used to analyse general slow motion of any 
thin plate at an arbitrary angle of attack. The solution method is especially 
simple for a circular Taylor column. 

For an elliptical plate inclined at the angle of attack required to generate a 
circular Taylor column, horizontal translation in the x direction (see figure 1) has 
been shown to render a stagnant Taylor column. This result is valid for an infini- 
tesimal angle of attack (provided a Eg), in which case the limiting form of the 
elliptical plate is a disk. 

The salient features of disk motion at a small angle of attack using the other 
five degrees of freedom have been given in 9 3. Some of the most important points 
are the following. 

(i) For motion other than x translation there is flow through the Taylor 
column. 

(ii) When the distance between the disk and the horizontal walls changes 
(z  translation, x and y rotation), the horizontal geostrophic velocity is of order 
cot a; otherwise it is of order unity. 

(iii) When the disk translates in the y direction there is no drag. 

The author is greatly indebted to  Professor P.G.Saffman of the California 
Institute of Technology for his patient assistance and his helpful comments and 
suggestions during the course of this work. 

Appendix 
The purpose of this appendix is to evaluate the integral appearing in (39) in 

t,erms of the geostrophic flow variables. For any quantity $(Z, 8, g) the jump in $ 
across 5 = 0 will be denoted by A$, i.e. 

A$ = $(z, e, o+) - $(z, 0,o-1. 

$(z, e, = - h,) 

Also, to further simplify the notation, $(Z, 8,c = O*) ,  $(Z, 8, z = h,) and 

will be denoted as d(O*), $(hT) and $( - hB), respectively. 

across the column to leading order, necessarily 
Since the velocity component normal to the Taylor column is continuous 

u = u,(a, 0 )  + O(E*). 

Therefore, Au = O(E)) and from (38) it  follows that 

Aw(")seca = Aw+AvsinOtana+O(E*). (A 2) 
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Equation (30) can be used to express Av as 

An expression for Aw can be derived by integrating (31) in the z direction in the 
following manner: 

and 

Combining these two equations yields 

Then, using (33) and (35) to eliminate w(hT) and w( -h,), equation (A4) is 
reduced to 

[ ~ ( h ~ ) + v ( - h , ) ] + ? / ~ ~  2sz +aiz2 E d z ) .  

Equations (A 2), (A 3) and (A 5 )  can be combined to yield the form 

Awcn)seca = 

which can be readily integrated across the &-layer. The result is 

Aw@) sec a d x  = s", 

Matching the +layer solution to the geostrophic solution gives the values 
of the various quantities in (A 6), i.e. 

lim v(X,O, z )  = lim vG(r, 6, z),  
5 3 + m  r+a 

lim v(x, 6, z )  = lim vg(r, 6 ,  z ) ,  
*-m r+a 

and similarly for the reduced pressure. Therefore, noting that vg and vG are of 
order 1, 
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Since vg and vG are independent of z to ikst order, necessarily 

The pressure is easily shown to be independent of z outside the Taylor column 

lim Ap = o(E4). to O(E$),  so that 

However, (21) shows that% has a jump of order E* across the plate. Denoting the 
jump in p ,  by Apg(a, 6) one may write 

W + m  

2 = f m  I tan a sin 6- = - tan a sin 6Apg(u7 
2Q + o(E4). 

2sz *'=-m 

Substitution of (A 7)-(A 9) into (A 6) yields the desired relation 

Aw(")secadZ = (a) v 4  [2rg(a, 8 ) - ~ ~ ( a , 6 ) ] - t a n a s i n B ~ ~ ~ ( ~ ' ~ ) + o ( E ~ ) .  (A 10) 
2Q 

All the terms on the right-hand side of (A 10) depend only upon the geostrophic 
flow variables as desired. 
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